In this paper the odometry error of a 
Introduction
Determining the odometry errors of a mobile robot is very important both in order to reduce them, and to know the accuracy of the state configuration estimated by using encoder data. Odometry errors can be both systematic and non-systematic.
In a series of papers Borenstein and collaborators
[l, 2, 3, 4, 5 , 6, 161 investigated on possible sources of both kind of errors. A review of all the types of these sources is given in [6] . In the work by Borenstein In this paper we introduce two new observables in order to improve the accuracy on the model parameters estimation. The odometry error model is the same as in [lo] and it is here summarily discussed in Sect. 2. In Sect. 3 we introduce the two new observables.
On the basis of our odometry error model we analytically compute the mean values and the variances of the observables, which depend on the model parameters and on the considered robot motion. In Sect. 4 we explicitly compute the observables for a simple robot motion. Evaluating the observables for this robot motion is a possible strategy in order to simultaneously estimate the model parameters. This strategy only requires to measure the change in the orientation and in the position between the initial and the final configuration of the robot related to the considered robot motion. In other words it does not require to know the actual path followed by the robot. The proposed strategy is illustrated in Sect. 5 where the accuracy on the parameters estimation, by adopting the two introduced observables, is discussed both in an indoor and outdoor environment.
The odometry error model
We consider a mobile robot with a synchronous drive system. Assuming a two-dimensional world, we can define the robot configuration with respect to a world-coordinate frame W by the vector X = [x, y, elT, containing its position and orientation. The robot configuration estimated by odometry measurements is different from the actual configuration X because of the odometry errors. In order to compute the global odometry error related to a given robot motion we approximated the trajectory with N small segments. We firstly model the elementary error related to a single segment. Then we compute (next sections) the cumulative error on the global path. Finally we take the limit value when N + 00.
We introduce the following assumptions about the actual motion: the robot moves straight along each given segment whose length, measured by the encoder sensor, is always T j = $; the angle $Oi between the actual orientations related to the (i + l ) t h and the ith segment and the actual translation Jppi covered during the same step are gaussian random variables; the random vziable $pi is inteependent of the ran-A dom variable 150k Moreover 6pi is indpendent of 6pj (i # j) and 68i is independent of 68j.
We therefore can write:
where 8& is the angle between the orientations related to the (i + l ) t h and the ith segment measured by the encoder sensor, E T F and E& represent the systematic components of the error and gze and aip are directly related to the rolling conditions and are assumed to increase linearly with the traveled distance, i.e.:
The odometry error model here proposed is based on 4 parameters. Two of them (ER, E T ) characterize the systematic components while the other two (KO, Kp) characterize the non-systematic components. Clearly, these parameters depend on the environment where the robot moves.
We want to remark that a statistical treatment of the non-systematic component assumes the environment homogeneous on large scale. Therefore, the expressions we are deriving in the next sections hold if the robot moves on regions larger than the scale beyond it the environment can be considered homogeneous.
The Observables
The observables are measurable quantities related to a given robot motion. Their mean values depend on the parameters ER, ET K O and K p and therefore estimating the observables is a possible strategy to estimate the model parameters.
Let consider a given robot motion and let suppose to repeat it n times. The robot motion is always the same in the world coordinate frame of the odometry system. In [ll] the observables Obsi = i'&zj and Obse = Cy=, yj were introduced and their statistical properties were derived. xj and yj are the position change respectively along the P-axis and &-axis between the initial and the final configuration related to the j t h robot motion.
We now introduce the following new observable: Clearly when 8 coincides with 5 we obtain Obsi a n ! analogously for 9. Let e, be the angle between the 8-axis and the 2-axis. From the fig. 1 
and therefore requires to compute the mist product < ObsiObsg >. This mean value is given in [ll].
In the next section we analytically compute the optimal values of 0, (i.e. the optimal projection axis) in order to maximize the dependence of < Obs, > on the model parameters. Since the dependence on the parameter KO is very weak we introduce the following observables: -1) ..,
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where A j is the angular difference between the initial and the final orientation (Aj = Previous observables were also discussed in [12] where their statistical properties were derived. We finally introduce the following observable:
-e,,). where cp" is the phase of the complex quantity g.
Regarding the computation of the variances we use the general expressions given in section 3. We only need to compute C70bsoObsg and C78bsg related to the considered robot motion. The computation of these quantities can be carried out starting from the general expressions given in the section 3 and is similar (more troublesome) to the computation of < x > -i < y > given in [12] .
Our strategy consists of the estimation of the mean values of the observables for the considered robot motion. The advantage of this strategy is that we only need to consider the initial and the final configuration of the real robot motion. In the next section we discuss the accuracy reachable on the parameter estimation through this strategy. we introduced an observable depending on this parameter and in [12] and [13] we discussed the accuracy on its estimation through that observable.
We assume that the errors associated to the measurement of the change in position and orientation between the initial and final configuration are smaller than the variances of the observables (with n = 1 in the case of Obsfi) and therefore the accuracy in the parameter estimation only depends on the observable variances.
Figures 2-5 show the accuracy on the parameters estimation vs the parameter 0, in an indoor and outdoor environment. We set n = 20 (the number of motion repetition), 2 = 5 m and k = 1. Therefore the considered experiment requires to move the robot along a global distance equal to 2k2 x n = 200 m. Previous values are chosen on the basis of the discussion given in [ll] and [12], where we showed that the accuracy on the parameters ER, ET and KO decreases with k . Moreover the accuracy increases of course with the distance traveled by the robot but the improvement of the accuracy is not significative for distances larger than 200 m.
The error on the estimation of a given model parameter (for example ER) using the observable Obsi is given by AER = $ : $ / : , '
--*. Regarding the parameter ET we actually consider as a relative error the quantity = &, that is much smaller than 9. Clearly, the accuracy on the Environment Indoor Outdoor Concerning the systematic parameter ER we found that the optimal value of Bp depend very weakly on the model parameters. In particular the change is not Concerning the non-systematic parameter Ke (fig  3, 5 ) we conclude that the observable ObsJ is definitely inadequate for its estimation, especially in the indoor case (fig 3a) . On the other hand by adopting the observable Obsa* it is possible to reach an accuracy of about 40% (fig 3b and 5b) .
Conclusions and Future Research
This paper extends previous work in parameter estimation for mobile robot with a synchronous drive system. In particular two new observables are introduced and the accuracy on the parameter estimation using these observables is discussed.
We are investigating in order to check the_validity of the proposej model. The assumption that bpi is independent of 683 is clearly a simplified approximation. A disturbance on the robot trajectory can generate both a distance error and a dependent angle error. This assumption enables us to only consider the back and forth motion to estimate the model parameters. This robot motion can be easly implemented. On the other hand, it would be very interesting to do actual trial using robot motion with different shape.
Moreover, more sophisticated model should also take into account the error dependence on the robot velocity and acceleration. 
